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Abstract

This paper considers the relative efficiency of ad valorem and unit taxes in
imperfectly competitive markets. We provide a simple proof that ad valorem
taxes are welfare-superior to unit taxes in the short run when production costs
are identical across firms. The proof covers differentiated products and a wide
range of market conduct. Cost asymmetries strengthen the case for ad valorem
taxation under Cournot competition, but unit taxation may be welfare-superior
under Bertrand competition with product differentiation. Ad valorem taxation
is superior with free entry under Cournot competition, but not necessarily under
price competition when consumers value variety.
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1. Introduction

Tax authorities have raised revenue through indirect selective sales taxes (excise taxes)
since the first known civilization began in Sumer, Babylonia some 6000 years ago.
“Everything” in Sumer’s city-state of Lagash was taxed,! from sheep-shearing (five
shekels to the ishakku) to divorce (five shekels to the ishakku and another to the vizier)
to perfume preparation (five shekels to the ishakku, a shekel to the vizier, and another
to the palace steward). Wealth and property were “taxed to the limit.” Even the dead
could not be buried until an excise was paid. Historians emphasize the capaciousness of
Lagash’s tax policy, which is said to have ultimately lead to its invasion and destruction.
More importantly, the form of the excises may have been inefficient as well.

Most modern governments also derive substantial revenue from excise taxes. Some
governments impose very large excises. The Israeli government, for example, imposes
a 95 percent ad valorem luxury excise on all private automobiles in addition to a 17
percent value added tax and 7 percent customs tax on certain imports (Fershtman,
Gandal, and Markovich, 1997). Both unit (specific) and ad valorem (percentage) rates
are applied at all levels of government, sometimes on the same classes of commodities.?
The form of tax can have a substantial impact on social surplus. This paper provides a
general approach for comparing efficiency across the two types of excise instruments.?

The relative efficiency of unit and ad valorem taxes is unambiguous for the polar
cases of perfect competition and monopoly. Under perfect competition, the two tax
types are equivalent; unit and ad valorem taxes constructed to raise the same amount
of revenue lead to identical economic outcomes (both taxes shift the perceived demand
curve down by the same amount at its intersection with supply). Under monopoly, an
ad valorem tax is welfare superior to a unit tax that yields the same revenue because it
renders the effective demand curve more elastic and so encourages production.

Most market structures fall between these two extreme cases — firms are neither
so small as to effectively take the market price as given (with some exceptions, such
as agricultural markets), nor are there many cases of private-sector firms without any
competition. The predominant market form is oligopoly. Most of the work on taxation
under imperfect competition has analyzed Cournot (quality) competition with a ho-
mogeneous product.* The main rival is the Bertrand (price) model with differentiated
products. Products sold by firms are typically differentiated so that firms retain some

nterpretation by Adams (1993) with additional information from Kramer (1959).

2For example, the federal government levies a $3 per passenger excise on transportation if
by water, 10 percent if by air; surface coal is taxed at the lesser of $0.55 per ton or 4.4 percent
of the sale price.

3For simplicity, we consider each tax type in isolation and do not allow for combinations (see
Myles, 1996). We consider distributional issues in Anderson, de Palma, and Kreider (2000).

4See, e.g., Seade, 1987; Stern, 1987; Besley, 1989; Delipalla and Keen, 1992; Skeath and
Trandel, 1994; and Keen’s 1998 comprehensive survey paper.



market power even when there are many of them. Inappropriate assumptions about
market structure and firm behavior can mislead policy analysis.

The standard argument for the superiority of ad valorem taxation in a monopoly
setting, which uses marginal analysis, dates back to Wicksell (1896) and was further
developed by Suits and Musgrave (1953).°> Delipalla and Keen (1992) generalized the
argument to show that ad valorem taxes welfare-dominate unit taxes for symmetric
Cournot-Nash oligopolies.% They conclude that optimal policy from an efficiency per-
spective “requires maximum reliance on ad valorem taxation” (p.351).7 Skeath and
Trandel (1994) further strengthened the case for ad valorem taxes under monopoly by
showing that for any given unit tax, there exists an ad valorem tax that yields higher
consumer surplus, profits and tax revenue. For linear (and homogeneous) demand sched-
ules, they show that this Pareto dominance also extends to Cournot oligopoly settings if
revenue requirements are sufficiently large. They conclude that “welfare-maximization
behavior on the part of the government would always imply that the ad valorem tax
would be imposed” (p. 69).

We use a straightforward approach that provides a clean proof of the ad valorem
efficiency claim. We extend this result to Bertrand price competition with differentiated
products. Our analysis, which makes direct use of the properties of the profit function,
is surprisingly general and applies to many oligopoly models, including Stackelberg
leader/follower behavior. The approach underlying the method of our proof formally
extends an idea first introduced by Suits and Musgrave (1953). We show how the
general argument can be tailored to compare the relative efficiency of different taxation
schemes under general assumptions about demand and market conditions.

We also demonstrate, however, that the relative efficiency of ad valorem taxation
hinges critically on the assumptions of symmetric costs and a fixed number of firms.
We show that unit taxation can be more efficient under Bertrand competition with
differentiated products, even in the short run, if aggregate demand is sufficiently inelastic
and firms produce at different costs. This result contrasts starkly with the Cournot case
with homogeneous products (henceforth, the “Cournot model”), where we find that
asymmetric cost structures always support ad valorem taxes. Although the superiority
of ad valorem taxes for symmetric costs continues to hold in the Cournot model in the
long run, we show that unit taxation can be welfare-superior in the long run when the
market is characterized by Bertrand competition with differentiated products. When
consumers value product variety (or tastes vary across consumers), a unit tax may be
preferable on efficiency grounds because the unit tax leads to greater variety for given
tax proceeds. We argue that the social desirability of one form of tax over the other
depends on the elasticity of industry demand, the size of the government’s revenue

5Cournot (1838) earlier recognized that the two taxes require separate analyses for monopoly.

®Hamilton (1999) extended their model to allow for output-dependent tax schedules.

"There is an analogous discussion of this issue in the trade literature, in a comparison of
specific and ad valorem tariffs; see, e.g., Helpman and Krugman (1989).



requirement, and on the strength of tastes for variety relative to the magnitude of firm
entry costs.

In the next section, we examine the short run efficiency differences between the two
taxes with symmetric cost structures. Section 3 introduces cost asymmetries across
firms into the analysis. Consequences for long run efficiency with free entry are then
considered in Section 4. Section 5 concludes with a discussion of our results.

2. Short Run with Identical Costs

We first present our efficiency analysis for the case of an n-firm Cournot model, where
each firm produces a homogeneous good at constant marginal cost ¢ (and fixed costs are
sunk in the short run). While the superiority of the ad valorem tax has previously been
demonstrated for this case (see, e.g., Delipalla and Keen, 1992), we use this setting to
showcase the methodology used below.®

Under a unit tax, ¢ per unit sold, Firm ¢’s profit when it produces output ¢; is

mi = [p(Q) — d ¢, (2.1)

n
where ¢ = c+t is the effective marginal cost, Q =Y ¢, is total output, and p(Q)) denotes
j=1
the inverse demand curve. We make no concavity or differentiability assumptions: we

only assume there exists a solution to the Cournot game (i.e., a Nashequilibrium in
n

quantities).” Let ¢* = (qf, ..., q%) denote this solution, with Q* =" q;, so that the tax
4 =

revenue collected under the unit tax is Ry = tQ*.
Under an ad valorem tax, the producer price is (1 — 7)p(Q), where 7 € [0, 1] is the
ad valorem tax rate.!” Firm 4’s profit function is then 7; = [(1 — 7)p(Q) — d] ¢, or

mi = (1-7)[p(@Q) - g, (2.2)

where now ¢ = ¢/(1 — 7). The key observation is that this profit expression is the same
as in (2.1) when taxes are set such that ¢+t = ¢/(1 — 1), or, rewriting,

-
t =
1—71

C

: (2.3)

8 A similar method was used in a proof by Delipalla and Keen (1992) to show that the optimal
rate of unit taxation is nonpositive in the Cournot model with free entry (their Proposition 6).
9See McManus (1964) and Novshek (1985) for conditions that guarantee existence and
uniqueness of a Cournot equilibrium. Given symmetric costs, these conditions are very mild.
10 This definition of the ad valorem tax rate is simple to work with in what follows. Ad valorem
tax rates are usually expressed as a percentage of the producer price, in which case the consumer
price is (14s) times the producer price, where s is the ad valorem tax rate. The rate T that we
use is given by s/(1+ s) : a sales tax of 10 percent (s = 0.1) translates into 7 =1/11.
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except that the term (1—7) premultiplies the expression in (2.2). Since (1-7) is constant,
it acts like a pure profit tax and is therefore neutral in the short run. Hence, whenever
the other firms play their equilibrium strategies, ¢*,, found for the unit tax, Firm 4’s
best reply is to play ¢;. Thus any equilibrium under the unit tax is also an equilibrium
under the ad valorem tax (and vice versa), given (2.3).1! The tax revenue collected
under the ad valorem tax is R4 = 7p(Q*)Q*.

We can now compare the tax revenues under the two different tax schemes given
that (2.3) holds. The tax revenue difference is

Ry — Ry = 1p(Q")Q" — Q"

= [p(QF) — Q" (2.4)

where we have used (2.3). As long as 7 > 0, (corresponding to ¢ > 0), and ¢ is
below the inverse demand curve intercept (so @* > 0), the common markup is positive
(p(Q*) — ¢ > 0) and hence Ry > Ry.'? (For a perfectly competitive market, price equals
marginal cost so that Ry — Ry = 0, which is the standard tax equivalence result for
perfect competition.) Hence for any given unit tax ¢ > 0, there exists an ad valorem
tax 7 that yields the same social surplus with a higher tax revenue. As long as the
equilibrium outcome is continuous in the ad valorem tax rate in the neighborhood of
Q* and a lower tax leads to a higher total output, then there is a slightly lower 7 that
leads to both higher social surplus (since surplus increases in *) and a higher tax
revenue (from the inequality that follows from (2.4)). This argument is the basis for
defining one tax type to be more efficient if more tax revenue is raised for the same
social surplus (consumer surplus plus profit plus tax revenue).!?

Our criterion for relative tax efficiency is therefore a higher tax take for a given
total output, which is equivalent to total output being larger for a given tax revenue
under fairly mild conditions. For example, when marginal revenue is strictly decreasing,
the tax revenue is a continuous function of the output induced by the tax rate (with
zero tax revenue at both zero output and the free Cournot equilibrium output). Then
for any revenue level attained under the unit tax, there exists an ad valorem tax rate
that yields the same tax revenue at a higher output, and therefore higher profit plus
consumer surplus. To see this for the monopoly case, it may help the reader to picture
two Laffer curves, both anchored at zero output and the tax-free monopoly output, with

' Throughout this paper, we select the same equilibrium outcomes for the two tax types if
there is more than one.

12The difference R4 — Ry equals the difference of profit under the unit tax minus profit under
the equivalent ad valorem tax, as is apparent from (2.1)-(2.3). This follows since @* is the same
under both taxes. Therefore, the sum of profit plus tax revenue is equal under both regimes,
and the higher tax revenue earned under the ad valorem tax is a transfer from profits.

13 Another rationale for this definition follows if tax revenue is more highly weighted than
profit in social welfare, which would be the case if it is socially desirable to raise tax revenue.



the one for the ad valorem tax above that for the unit tax. Lower tax rates correspond
to higher outputs.* Our efficiency criterion is simply that the ad valorem Laffer curve
is above the unit tax one; the alternative criterion is that the ad valorem tax one is
to the right of the unit tax one at high enough outputs. Hence the two criteria are
equivalent.

The argument for the superiority of the ad valorem tax also extends to Bertrand
(price) competition with firms selling differentiated products. To see this, let D;(p)
denote the demand addressed to Firm ¢ when the prices set by firms are p = (py, ..., pn_)_
Under a unit tax, Firm ¢’s profit is then B

m; = (pi — ©)Di(p),

with ¢ = ¢+ t, while for an ad valorem tax it is

mi = (1 —7)(pi — ¢)Di(p),

with ¢ = ¢/(1 — 7). If there exists a price equilibrium p* under one tax, then the same
consumer prices constitute an equilibrium for the other tax when (2.3) holds: if all other
players choose their equilibrium prices, Firm ¢ will too. Tax revenue collected from Firm
¢ under the unit tax is ¢D;(p*); under the ad valorem tax it is 7p}D;(p*). Using (2.3),
the latter exceeds the former as long as 7(pf — €)D;(p*) > 0, which is true since price
exceeds effective marginal cost (which is a generic property of Bertrand equilibria with
differentiated products). Hence, tax revenues collected from each firm are higher under
ad valorem taxation.!?
We summarize the above results in the following proposition:

Proposition 1. Consider a fired number of firms with identical constant marginal
costs. The ad valorem tax is more efficient than the unit tax under both the Cournot
model and Bertrand competition with product differentiation provided there exists an
equilibrium.

The above efficiency argument readily extends to nonconstant continuous (but still
identical across firms) marginal cost for symmetric equilibria. To see this for the Cournot
case, it suffices to rewrite (2.1) for the unit tax case as

i = p(Q)q — Cla4i) — tqi,

1A simple condition for total output to be inversely related to the tax is that the inverse
demand function, p(@), be logconcave, meaning that Inp is concave in (). This condition covers
all concave demands as well as allowing demand functions that are not “too” convex. Our
discussion paper provides details.

15The analogous argument is readily developed for Cournot competition with differentiated
products; i.e., each firm’s inverse demand function is given as p;(q).




where C(q) is the total cost function. Denote the symmetric solution to the Cournot
game under unit taxation as Q* = ng*. Likewise, (2.2) for the ad valorem case becomes

m=(1-7) [pQa @} .

C1-7
The two tax regimes yield the same output per firm ¢*, if

T
1—

t =

TC’(q*)-

(This relation reduces to (2.3) when marginal cost is constant.) Using the same argu-
ment as before, /
%
Ry~ By = [p@") - S 7,
-7
which is strictly positive since price exceeds effective marginal cost at the oligopoly
equilibrium. A parallel proof establishes the claim for the Bertrand case.

The efficiency result of Proposition 1 also extends to Stackelberg (leadership) struc-
tures (with equal and constant marginal cost), with either a sequential move structure
with each firm choosing its output internalizing the reactions of subsequent firms in the
order of moves (see Robson, 1990) or with m leaders and n — m followers (see Daugh-
ety, 1990) as well as variants on these themes. Again, the structure of (2.1) and (2.2)
together with (2.3) suffices to prove the result: the efficiency property does not rely on
the market conduct. To illustrate, consider a sequential-move output choice game, with
Firm 1 choosing output first, and Firm n producing last. Firm n’s choice ¢}, is

argqmax Tn =[P (Q=n+qn) — (c+1)] qn (2.5)

under the unit tax, where ¢)_, denotes the cumulative output of the preceding n — 1
firms. Regardless of ), any solution to (2.5) is also a solution to

c
argmax mp, = (1 = 7) |p(Q—n + qn) — T Gn
dn -

when 7 is set according to (2.3). Given this result, similar reasoning shows that the
solution(s) to Firm n — 1’s problem is also independent of the form of tax system given
any cumulative output of the preceding n—2 firms, etc., so that any equilibrium solution
under one tax system is also a solution under the other one. The superiority of the ad
valorem tax then follows directly from the argument following equation (2.4). For any
equilibrium under a unit tax, the same equilibrium exists under an appropriately chosen
ad valorem tax (given by (2.3)) because the profit functions are identical in the two cases
(apart from a neutral profits tax in the ad valorem case). Furthermore, tax revenue is



higher under the ad valorem case, and by continuity there exists a slightly lower ad
valorem rate that yields both more revenue and more output.

In the next sections we examine the robustness of this result by considering cost
asymmetries across firms (Section 3) and the long run situation with free entry (Section

4).

3. Short Run with Asymmetric Costs

We now introduce cost differences across firms to see how such asymmetries can affect
the efficiency result of Proposition 1. We consider first the Cournot model, and then
the Bertrand differentiated products model. In both cases, there are n firms producing
at constant marginal cost labeled so that ¢; < cs,..., < ¢,.

3.1. Cournot analysis

As shown next in Proposition 2, the efficiency result in Proposition 1 extends to the
case of asymmetric costs when market conduct is characterized by Cournot competition.
In fact, the case for ad valorem taxation is strengthened with cost differences because
this form of taxation leads to relatively less production from high-cost firms. Assume
demand is differentiable with p’(Q) < 0 and that there exists a solution to the Cournot

n
game under ad valorem taxation denoted by ¢f, ..., g, with @* = >~ ¢ denoting the
j=1
total equilibrium output. We then have:

Proposition 2. The ad wvalorem tax is more efficient than the unit taz under the
Cournot model with constant, but possibly different, marginal costs.
Proof. Firms’ first order conditions under the ad valorem tax are given by

p(Q) +p/(Q)CJ¢ = Ci/(l - T)v t=1, .., n. (31)

Summing over these first order conditions implies
np(Q) +1(Q1)Q" =) ¢;/(1 —7). (3.2)

j=1

From (3.2), we find (since p/(Q) < 0) that the effective price exceeds the average mar-
ginal cost across firms:

PR >7, (3.3)



The analogous first order conditions for the unit case are given by

which lead to the aggregate condition

np(Q") + ' (QM)Q” :i ¢ +nt. (3.5)

J=1

Equating the right-hand sides of (3.2) and (3.5), taxes ¢t and 7 yield the same total
output Q* if
po T

1—-7
which reduces to (2.3) for the symmetric case. Total tax revenue is greater with the ad
valorem tax if 7p(Q*)Q* > tQ* when Q* is attained under both taxes. When (3.6) holds,
this revenue difference is positive if and only if = [(1 — 7)p(Q*) — ¢ @* > 0,which is
true by (3.3). Thus, more revenue is raised under the ad valorem tax.

Since Q* is fixed to be the same under the two taxes, p(Q*) and hence consumer
surplus are the same. To establish the efficiency of the ad valorem tax, it remains to
be shown that the total industry cost of producing @* is not lower under the unit tax.
Under the unit tax, the total cost of producing Q* is

[ (3.6)

> elb@) — e~
TCy ==

-/ (Q*) ’

where we have used the first order condition for the unit tax case. Similarly, the total
cost of producing @Q* for the ad valorem case is

(3.7)

3

> ¢ [p(@) —¢j/(1—7)]

1

TCy =* 3.8
Hence, TCy > TCy4 when 'il cj(e; + t) <i1 c?/(l — T), or, using (3.6), when
Jj= Jj=
2
% > ¢ <3 c?. This inequality follows directly from the Cauchy-Schwarz in-
j=1 j=1
equality. O

In essence, the proof follows the structure of that for Proposition 1 regarding the
revenue comparison, with the extra element of showing that production is less efficient
(more costly) under the unit tax. The intuition is that the ad valorem tax penalizes the

8



high cost firms more than the low cost firms by adding a greater absolute burden, thus
decreasing the output of the less efficient firms in the mix that comprises Q*.

As we show next, cost asymmetries work very differently under Bertrand competition
with product differentiation. Since we showed in Proposition 1 that the ad valorem tax
is superior under symmetry, it will take a sufficient degree of asymmetry to overturn
that result.

3.2. Bertrand analysis

To provide a simple Bertrand counterexample to the Cournot case, we consider a stan-
dard duopoly model with low-cost Firm 1 producing at constant marginal cost ¢; and
high-cost Firm 2 producing at constant marginal cost ce, with the production cost dif-
ference denoted Ac = c3 — ¢1 > 0. The firms are located on opposite ends of a linear
city which lies on a line segment of length 1. Consumers of measure 1 are located
uniformly between the two firms, with a particular consumer’s location indexed by
x € [0, 1], the distance from Firm 1 (and thus the distance from Firm 2 is 1 — ). Each
consumer purchases one unit of the good from her most-preferred firm, yielding con-
sumption benefits v. Product differentiation is captured by the presence of travel costs;
consumers wish to minimize their total purchase costs, so for equal prices consumers
prefer to purchase from the closer firm. Denoting p; the price charged by Firm 1, ps
the price charged by Firm 2, and v the constant disutility per unit of distance traveled,
a consumer’s total cost associated with buying from Firm 1 is p; 4+ yx and total cost
associated with buying from Firm 2 is ps + (1 — z). Defining Z as the solution to
p1+7Z = ps+7(1— T), consumers located in [0, Z] buy from Firm 1 at these arbitrary
prices since p; + yx < py + (1 — z), while the remaining consumers located in (Z, 1]
buy from Firm 2. We assume that derived benefits of consumption v are sufficiently
large relative to production and travel costs that all consumers wish to buy a unit of the
good.!'% The demands for Firm 1’s and Firm 2’s products are given by z1(p1, p2) = 2
and @2(p1, p2) = (1 — Z), respectively, where Z = B2 + 1 We assume that Ac < %7
to ensure that the tax policies considered below do not drive the high-cost firm out of
business.

Denoting ¢ = ¢+t for the unit tax case and ¢ = ¢/(1—7) for the ad valorem tax case
as before, Firm j chooses p; to maximize (p; — ¢;)x;(p1, p2), which yields the reaction
functions

po= s(p+a+9)
pp = s(m+a+9).

We can then solve for the equilibrium prices

16 For sufficiently large v, firms will not price anyone out of the entire market in equilibrium.



pi(1,¢2,7) = 3a+36+7
(¢1,82,7) = 36 +1c1+7.

Note that firms charge identical prices when production costs are the same: p] = p5 =
c+.

With asymmetric costs, taxes alter the equilibrium price difference between firms,
which in turn affects allocative efficiency. The equilibrium price difference is p5 — p] =
%AE, where A¢ = ¢ — ¢;. Equilibrium demand is then

A~ 1 Ac

21(AG ) = 5 <1 + g) (3.9)
o 1/ Ae

2 (AG ) = 5 <1 - g) :

For identical production costs, the two firms share the market equally with 2] = x5 =
%. Even with asymmetric costs, the unit tax has no effect on the price difference or
demands; in this case A¢ = Ac, which does not depend on ¢t and so does not further
distort the market outcome. The ad valorem tax does affect prices and the output
mix since then Ac¢ = ﬁAc, which rises with 7.

To examine the consequences of taxation for efficiency, we consider the effects of
the taxes on social surplus, measured as consumer surplus plus firm profits plus tax

revenue. Writing out this expression, total welfare for the ad valorem case is

z1 4 -
Wi = /0 (0= pia — y214) + (1= 7) (g — G1a) + 7 pla] d1a
1
+ [(v—p54 —y224) + (1 — T)(P54 — C24) + T D3 4] d14,

.
L14

which becomes N
Lw;v_q@ywﬂ%—§@ﬁ+@@. (3.10)

Similarly, welfare under the unit tax is given by

_ * * Y *2 *2
Since aggregate demand is fixed and each consumer receives utility v, maximizing social
welfare is equivalent to minimizing total costs (production plus travel) of generating that

utility. The average travel cost associated with x; customers purchasing from Firm 1 is
11, implying a total travel cost of 321 (and similarly for Firm 2).

10



After substituting the demand values from (3.9) into the welfare function, it is easily
shown that the market shares that maximize social welfare are given by 2§ = % + 14c

27y
and 2§ = 1+ — 12¢_ Note from (3.9), however, that the equilibrium shares are given by

2 2 v

x] = % + %% and x5 = % — %g so that the high-cost firm serves an inefficiently large
share of the market in the absence of taxation. This is because the low-cost firm, while
pricing below the high-cost firm, nevertheless uses its cost advantage to overprice its
product.

Since the allocation of resources is independent of the unit tax rate, the unit tax
neither corrects nor exacerbates the duopoly demand distortion. The ad valorem tax,
however, does affect equilibrium market share by increasing the effective cost differential
between firms. Since A¢ = ﬁ—i, sufficiently low values of 7 improve welfare by narrowing
the gap between x} and z9. It is easily verified that the gap is eliminated when 7 = 2/3.
For values of 7 greater than 2/3, the effective production costs for Firm 2 become so high
relative to Firm 1 that Firm 1 actually overproduces. For a sufficiently high value of 7,
social welfare will fall below that associated with the unit tax case. This implies that
unit taxation is socially preferable to ad valorem taxation for sufficiently high revenue
requirements. Substituting the demand values in (3.9) into the welfare functions (3.10)

and (3.11) yields (after some algebra) the welfare difference

(1 —7)%(Ac)?
Wa = Wo = =5 (£-7).

Hence, the unit tax dominates the ad valorem tax if the ad valorem rate exceeds 4/5.
This result is summarized as Proposition 3:

Proposition 3. The unit tax is more efficient than the ad valorem tax under Bertrand
competition in the linear city model when marginal production costs differ and revenue
requirements are sufficiently high.

This simple counterexample involves perfectly inelastic individual demand. If demand
is not perfectly inelastic, the relatively nondistortionary effect of ad valorem taxation
on individual demand must be considered in addition to the effect on the production
mix.

We have shown that cost asymmetries strengthen the desirability of ad valorem
taxes under Cournot competition with homogeneous products, but unit taxes may be
preferred under Bertrand competition with product differentiation. Although these are
the prominent models in the literature, the analysis leaves open the question whether
the mode of competition or product differentiation is responsible for unseating the ad
valorem tax. If the product sold is perfectly homogeneous, Bertrand competition leads
to the lowest cost producer serving the market at the cost, co, of the next lower cost
producer (assuming that this cost is below the first firm’s monopoly price).

For a unit tax, t, the equilibrium price is c2 + ¢t with sales of Q(c2 + t). An ad
valorem tax 7 set so that ca +t = co/(1 — 7) yields the same equilibrium price since

11



the producer price under ad valorem taxation is p(1 — 7) = co. Sales are therefore the
same and so is tax revenue: tQ(cz2 +1t) = 77=c2Q (1—0_2;) when co +t = ¢o/(1 — 7).
Both taxes are thus equally efficient. However, even with a small amount of product
differentiation (v > 0 in the example above), the preceding analysis shows that either
tax type may dominate depending on revenue requirements. Under the Cournot model,
since ad valorem taxation strictly dominates unit taxation for all revenue requirements,
adding a small enough amount of product differentiation will not upset that result
(by continuity). This argument (weakly) suggests that it is primarily the mode of
competition that is responsible for the result. We have found no counterexamples,
and simulations for a linear-demand differentiated products system showed no flips in
welfare superiority of ad valorem taxes under Cournot competition, while there were
such flips for Bertrand competition (e.g., the result of Proposition 3).!7 Nevertheless, we
have not been able to prove that the ad valorem tax is always preferred under Cournot
competition with asymmetric costs and differentiated products

4. Long Run Equilibrium

The long run equilibrium analysis allows for the number of firms to depend on the tax
policy and a fixed entry cost, K. Production costs are the same across firms. As with
previous sections, we first extend the result of the superiority of the ad valorem tax for
the Cournot case, and then we provide a counterexample to show that unit taxation
can be welfare-superior for the Bertrand case. The state of the art in the literature
for the long run Cournot case is that “the set of circumstances in which welfare is
improved by specific taxation is a strict subset of that in which it is improved by ad
valorem taxation” (Delipalla and Keen, 1992, p. 364). They show this by considering
small taxes (in the neighborhood of the tax-free equilibrium). In contrast to this local
result, our result is a global one that establishes the superiority of the ad valorem tax
in attaining any given (feasible) revenue requirement. In the Bertrand case, Kay and
Keen (1983) have suggested that unit taxation can dominate ad valorem taxes in the
long run for high enough revenue requirements. We provide an example below in which
unit taxation dominates for any revenue requirement.

4.1. Cournot analysis

The next proposition extends the efficiency result in Proposition 1 for Cournot to the
long run:

Proposition 4. In the long run equilibrium under the Cournot model, the ad valorem
tax is more efficient than the unit tax if marginal costs are constant and equal across

17Indeed, our simulations for the linear demand model under Cournot competition suggest that
the welfare advantage of the ad valorem tax grows monotonically with the revenue requirement.
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firms provided there exists a unique symmetric equilibrium.

Proof. From the zero profit condition under the two taxes, and at a symmetric equi-
librium at which total output is the same under both taxes, we have

(p—c—t)Q:u—T)( __c )Q—K, (4.1)

ny 1—7/)na

where ny and ny denote the numbers of firms under the unit and ad valorem taxes,
respectively. Since output is the same in both cases, the first equality in (4.1) implies

(p—c—t)nA:(l—T)< —1CT>nU, (4.2)

from which we can substitute the first order conditions (3.4) and (3.1) to give
—pauna = —p'ea(l —7)ny, (4.3)

where qy = Q/ny and g4 = @/na, the outputs per firm under the two taxes. Using
the expressions for gy and ¢4 yields:

ni =(1- T)n?], (4.4)

which implies n4 < ng. This inequality means that production of @) is necessarily less
efficient under the unit tax because more firms are involved (since marginal cost is
constant and each firm entails a fixed cost).

To establish the greater efficiency of the ad valorem tax, it therefore suffices to show
that more revenue is raised. We wish to show R4 > Ry, or 7pQ > tQ, given that
7 and t are set such that @ is the equilibrium outcome under both taxes. The latter
relation is given by (4.2). We substitute (4.4) into this equation to yield (p —c—1t) =

VIi—-71[p—c¢/(1—=7)],0r
t:p—c—\/1—7'< —1C ) (4.5)

We therefore must show that the RHS of (4.5) is less than 7p, or

(\/% _ 1> (1=7)p—d >0. (4.6)

This inequality necessarily holds since 0 < 7 < 1 and (1 — 7)p > ¢ in the oligopoly
equilibrium. O

Delipalla and Keen (1992) have shown that if small unit taxes improve social welfare
then small ad valorem taxes are also welfare-improving. This conclusion stems from the
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Mankiw and Whinston (1986) result that the free entry equilibrium under the Cournot
model entails a socially excessive number of firms (in the absence of taxes), coupled
with the property that ad valorem taxation is associated with relatively low short run
profits compared with unit taxation. The ad valorem tax is particularly effective for
discouraging entry and reducing aggregate fixed costs.'® Our result is that for any unit
tax, there is an ad valorem tax that leads to the same aggregate output, but fewer firms
are involved in producing that output. Ad valorem taxation is more efficient since fixed
costs are lower in producing a given output level.

4.2. Bertrand analysis

The previous subsection showed that ad valorem taxation continues to dominate unit
taxation in the long run with free entry under the Cournot model. We will show that
Bertrand competition and product differentiation can lead to the opposite conclusions
about tax efficiency. We first provide an example in which the unit tax is always
welfare-superior to the ad valorem tax. We then briefly discuss other models.

The counterexample uses a common discrete choice framework for consumer demand
(see Anderson et al., 1992). Let the conditional indirect utility of an individual choosing
good ¢ from n alternatives be given by

U =y—pi+pe, i=1.n, (4.7)

where y is the consumer’s income, p; is the price of good 4, and pe; is an idiosyn-
cratic match value between the consumer and good i. Each consumer purchases one
unit of the good for which her utility is greatest. The match term consists of a
scale parameter p > 0, which measures the intensity of consumer preferences across
the different goods, and a realization of random match variable ;. These variables
are assumed to be identically and independently distributed (which implies that the
goods are symmetric substitutes). The common distribution and density functions
are given by F(z) and f(x), respectively. We further assume that the total mass of
consumers is unity so that the number of consumers purchasing good ¢ is given by
D; = Pr[U; >Uj, j=1.m,i#j] = Pr [ej <BLPyg =1, #j} . which can
be rewritten as

b n .
Di:/ flx) 11 F(u —{—:1:) dx.
—o0 J#i M

To provide the sharpest contrast between the Cournot model and Bertrand com-
petition with differentiated products, we assume that the taste distribution is given by

F(x) = f(x) = exp(z — b), x € (—o0, b].

18 Besley (1989) previously showed that unit taxes can be used to correct the overentry prob-
lem. He did not consider ad valorem taxes.
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Under a unit tax, the Firm ¢’s profit is
m = (pi —¢)D; — K,

where ¢ = ¢+ t. The first order condition for profit maximization is

87&' -
8]71' —Dz+(pl_a

oD;

=0.
Op;

At a symmetric equilibrium, D; = % and

. _ b
e e IRl
Ip; sym H —0
SO %?; = —"n—_ul at equal prices. Thus a firm’s markup is given by
p—EZn'L_Ll. (4.8)

Firm profit as a function of n is then m;(n) = n—(n‘i—l) — K, so that the long run equilibrium
number of firms n® satisfies the entry condition

M H
— K< 0< —— - K; 4.9
ne(n®+1) ~ nne—1) (49)
the last entrant earns nonnegative profits while an additional entrant would earn nega-
tive profits.
Social welfare for this model is given by

b
Wzy—%—u/ zg(x)dr —c — nK,

—0o0

where ¢ (-) is the p.d.f. of the maximum e. The c.d.f. of the maximum ¢ is given
by G(z) = [F(x)]", which implies g(z) = n[F(z)]""" f(z) = nexp [n(z —b)]. Using
integration by parts, social welfare is given by W = y 4 ub — £ — ¢ — nK,which implies
that the welfare change associated with an additional entrant is W(n + 1) — W(n) =

n—(nﬂ—l) — K.Social efficiency thus requires n° firms such that

u u
— K< 0< ——~ - K.
n°(n°+1) U= no(n® — 1)

But this is the same condition as (4.9): the long run equilibrium is characterized by the
socially efficient number of firms in the absence of taxation (see also Anderson et al.,
1995) and under the unit tax. Since the optimal number of firms enters the market in
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the absence of taxation, and the unit tax is nondistortionary (in the sense that the tax
is fully passed on to consumers), short run profits and hence the long run number of
firms are unchanged under the unit tax.

As shown next, however, the ad valorem tax is not fully passed on and so diminishes
profits and the number of firms in the long run equilibrium. For the ad valorem case,
profit is given by

Ty = (1—7’)(})1—’5)D1'—K,

where now ¢ = ¢/(1—7). As for the unit case, a firm’s markup at a symmetric equilibrium

is given by (4.8) so that profit per firm is given by m;(n) = (=T _ § The long run

n(n—1)
equilibrium number of firms under the ad valorem tax satisfies the entry condition
=Dt g XDk

ne(ne + 1) ne(ne —1)

Since profits are lower for a given number of firms under the ad valorem tax, the
equilibrium number of firms is (weakly) lower compared with the unit tax. As the ad
valorem rate 7 rises, the number of active firms declines and consumers lose surplus in
the form of lost product variety. Since the unit tax equilibrium involves the efficient
number of firms, it is always welfare-superior to the ad valorem tax.

Proposition 5. For the discrete choice model with exponentially distributed match val-
ues under Bertrand competition with free entry, the unit tax is a more efficient revenue
instrument than the ad valorem tax.

For the logit demand specification (when the e terms have a double exponential
distribution), the relative efficiency of the two tax forms depends on the government’s
revenue requirement and the strength of tastes for variety relative to entry costs (i.e.,
p1/K). In the absence of taxes, the logit demand specification involves inefficiently
many firms in the free entry equilibrium. For a sufficiently low revenue requirement,
the ad valorem tax is a more efficient revenue instrument because it decreases profit and
induces exit while the unit tax just transfers surplus from consumers to the government
without affecting profit and hence without affecting the (excessive) number of firms.
When either /K or revenue requirements are sufficiently large, the unit tax becomes
more efficient because the ad valorem tax induces excessive firm exit.

This result extends to a large class of discrete choice models, of which the logit
is the best known example. Indeed, Anderson et al. (1995) show that the market
equilibrium involves overentry in the absence of taxes when density of the match values
is logconcave.!? Overentry is ameliorated by small ad valorem taxes because they reduce
firm numbers by decreasing profit per firm, but high tax rates reduce profits so much
as to take the equilibrium number of firms too far below the optimum.

9The exponential distribution considered above is a limit case since it is log-linear, hence the
equivalence of optimum and equilibrium numbers.
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The well-known circle model generalizes the linear city model discussed in Section
3.2 to allow for endogenous free entry. In that model, long run equilibrium is char-
acterized by substantial overentry of firms (see Salop, 1979). The unit tax is again
nondistortionary, and the ad valorem tax can improve social welfare by reducing prof-
its and hence the long run number of firms. Travel costs rise as the number of firms
declines, however, and ad valorem taxation induces excessive firm exit from the market
for sufficiently high revenue requirements. In the Salop framework n firms are equi-
spaced around a circle whose circumference is normalized to unity. Consumers are
uniformly distributed around the circle, and each buys one unit from the firm with the
lowest delivered price, transport costs being linear in distance at rate . The social cost
associated with n firms is thus nK + 7/4n, where the first term is total fixed costs
and the second term is aggregate transport costs (since the average distance traveled
is 1/4n). Under an ad valorem tax, the equilibrium after-tax markup is v(1 — 7)/n
and each firm serves 1/nth of the market so that the equilibrium number of firms is

V(1 —7)/K. Hence, the corresponding social cost is /7K (\/1 -7+ i\ﬂl—_f) A unit
tax has no effect on the markup, so the equilibrium number of firms is \/v/K, at social
cost %/ v/K. The social cost therefore at first decreases with 7 as the number of firms
falls toward the optimal level, with minimum at 7 = % (see Kay and Keen, 1983), cor-
responding to a sales tax rate of s = 3 (and %\/fy/K firms). The social cost thereafter
rises, and reaches the level attained by the unit tax at 7 = %7 which corresponds to a
tax rate of s = 15. Thus the unit tax is only superior for an ad valorem tax in excess
of 1500%. This high tax rate reflects the massive overentry of firms in the circle model.
In contrast, the discrete choice model with i.i.d. tastes (the exponential model and the
Logit are examples) typically has a much lower degree of excess entry. Consequently, in
this case the unit tax is more likely to be preferred since ad valorem taxes will take the
equilibrium below the optimum (see also Kay and Keen, 1983, for an early discussion
of the role for unit taxation and preferences for diversity).

We have discussed models with completely inelastic aggregate demand to provide
simple counterexamples to the conclusion for the Cournot model. When industry out-
put as well as product variety depends on the form of tax, the ad valorem tax has the
often desirable quality that it has a smaller impact on total consumption compared
with the unit tax. Under the CES demand specification, aggregate demand is suffi-
ciently elastic that the ad valorem tax always welfare-dominates the unit tax, despite
the detrimental effect of ad valorem taxation compared with unit taxation on product
variety. This suggests that unit taxes might be the preferable form of excise taxation
on relatively inelastic commodities like cigarettes to preserve product variety, while ad
valorem taxes might be preferable for more elastic commodities where losses associ-
ated with the distortion to aggregate demand may outweigh those associated with lost
product variety.
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5. Conclusion

We have shown that ad valorem taxes are more efficient than unit taxes in the short
run with symmetric costs across firms. Our straightforward approach, which exploits an
insight in Suits and Musgrave (1953), can be applied quite generally. The result encom-
passes both traditional Cournot environments and Bertrand-Nash environments with
differentiated products. We have also shown, however, that conclusions may change for
asymmetric costs or in long run equilibrium. With cost asymmetries, ad valorem taxes
exacerbate the absolute differences in marginal costs across firms. For low taxes, this
is advantageous because high-cost firms tend to overprice relative to low-cost ones in
oligopoly equilibrium, and the ad valorem tax redresses the production balance. When
products are differentiated, the output of high-cost firms is not perfectly substitutable
for that of low-cost firms so that high enough ad valorem taxes may lead to relative
underproduction of high-cost goods. It is then possible that the unit tax is preferable,
as we showed in an example with inelastic demand and Bertrand competition. Inelastic
demand is important because it lessens the tax distortion and allows us to focus on
relative output, even though unit taxation tends to be more distortionary because more
of the tax is passed on to consumers than for ad valorem taxes (see Anderson, de Palma,
and Kreider, 2000). This leaves open the question whether it is the mode of competi-
tion or the introduction of product differentiation that is primarily responsible for the
difference in results. We provided weak evidence in favor of Bertrand competition.

The same question applies to the long-run analysis. The ad valorem tax reduces
profits more than the unit tax by more efficient transfer from profit to tax revenue.
When products are differentiated, the welfare loss from lost product variety may then
overturn the short-run desirability of the ad valorem tax. Whether this is possible de-
pends on whether the variety effect can dominate the static disadvantage of the unit tax.
We showed that this can happen under Bertrand competition. It is not possible under
Cournot competition with homogeneous products because there is no product variety.
If products were differentiated and the mode of competition were Cournot, one might
expect it to be less likely that the unit tax could dominate since Cournot competition
typically yields greater profits for a given number of firms (it is less “competitive” than
the Bertrand mode). This suggests that the Cournot equilibrium will typically entail
greater overentry than its Bertrand counterpart and so the static inefficiency of unit
taxation must be incurred for a greater extent before it could possibly overcome the
variety effect. Thus it seems less likely that Cournot competition with differentiated
products could render the unit tax more efficient (for some revenue requirement) al-
though we have no formal proof. Insofar as the main competing models of oligopoly
interaction are the Cournot mode with homogeneous products and the Bertrand mode
with differentiated products, we have shown that the ad valorem tax dominates under
the former with either cost asymmetries in the short run or symmetric costs in the long
run, while the latter formulation can sometimes rationalize use of the unit tax.
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While we have provided cases in which the unit tax may dominate the ad valorem
tax, administrative and equity issues may justify use of the latter. For example, the
percentage-based ad valorem tax automatically adjusts to inflation while the unit tax
does not. There may also be practical difficulties associated with defining the units of
a product, making it potentially difficult to impose unit taxes in some cases (see Keen,
1998, for a more complete discussion of such issues).

The framework in this paper is readily adapted to incorporate other effects of eco-
nomic interest, through its roots in discrete choice theory, such as differences across
firms in the objective quality of produced goods. For example, Anderson, et al. (1992,
Ch. 7) have extended the differentiated products model to consider multiproduct firms,
and tax issues could be addressed within that extended context. Our setting could be
extended to international trade to study issues such as optimal tariffs, and the partial
equilibrium setting would ideally be extended to the case of general equilibrium in order
to study the taxation of goods in conjunction with the taxation of income and capital.
Such issues, we hope, will be the focus of subsequent analyses.
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